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RESUMO

O objetivo deste trabalho é desenvolver uma nova abordagem para verificar a estabilidade
em tempo finito de sistemas lineares com parametros variantes no tempo (Linear Parameter-
Varying (LPV)). Aplicando o método classico de Lyapunov, sao derivadas condicdes suficientes
para garantir a estabilidade em tempo finito para classes maiores de sistemas variantes no
tempo, estendendo-se além do escopo dos resultados existentes. O conceito de estabilidade
contrativa em T-passos, adaptado aos sistemas LPV, é desenvolvido. Como o problema
de contragédo otimizada demanda um esforco computacional proibitivo mesmo para valores
pequenos de T, é aplicada uma abordagem aleatéria para sua resolugdo. A estabilidade
contrativa robusta em T-passos de sistemas LPV em um tempo finito é testada em termos
de um problema de factibilidade envolvendo desigualdades matriciais lineares (Linear Matrix
Inequalities (LMls)). A abordagem aleatéria é capaz de assegurar a factibilidade do problema
de otimizacdo com uma alta margem de probabilidade, fornecendo um algoritmo de teste
que garante a estabilidade contrativa do sistema em T-passos dentro de um tempo finito. O
uso do algoritmo de Mayne, um caso especifico do filtro de Kalman, para a identificacdo do
amortecedor magneto-reoldgico (Magnetoreological (MR)) tem se mostrado muito benéfico,
resultanto na identificacdo do sistema com um erro de menos de 0,001%. Um controlador foi
desenvolvido e adaptado a um sistema de amortecedor MR acoplado a uma mesa vibrante
para validar experimentalmente as teorias de estabilidade discutidas neste trabalho, resultando

em dados obtidos por experimentos em tempo real.

Palavras-chave: sistemas lineares com parametros variantes no tempo; estabilidade robusta;
amortecedor magneto-reoldgico; estabilidade em tempo finito; desigualdades matriciais lin-

eares.



ABSTRACT

The aim of this work is to develop a new strategy to check the finite-time stability of linear
parameter-varying (LPV) systems. By applying the classical Lyapunov method, sufficient
conditions are derived to ensure finite-time stability for larger classes of time-varying systems,
extending beyond the scope of existing results. The concept of contractive stability in T-steps
adapted to LPV systems has been developed. As the optimized contraction problem demands a
prohibitive computational burden even for small values of T, a randomized approach is applied to
solve it. The robust finite-time contractive stability of LPV systems in T-steps is tested in terms of
a feasibility problem involving linear matrix inequalities (LMIs). The randomized approach is able
to ensure the feasibility of the optimization problem with a high degree of probability, providing
a test algorithm that guarantees the contractive stability of the system in T-steps within a finite
time. The use of the Mayne’s algorithm, a specific case of Kalman filter, for the identification of
MR damper has proved very beneficial, resulting in the system identification with an error of
less than 0.001%. A controller was designed and adapted to an MR damper system coupled to
a shaking table to experimentally validate the stability theories discussed in this work, resulting

in data obtained from real-time experiments.

Keywords: linear parameter-varying systems; robust stability; magnetorheological damper;

finite-time stability; linear matrix inequalities.
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1 INTRODUCAO

Os sistemas lineares com parametros variantes no tempo (LPV) apresentam um com-
portamento dindmico que muda linearmente com determinados pardmetros, permitindo uma
representagdo mais precisa de sistemas complexos em comparagdo com os modelos tradi-
cionais lineares invariantes no tempo (Linear Time Invariant (LTI)) (ZHANG; WANG; WANG,
2023; ZHU; ZHENG, 2023). A utilidade dos sistemas LPV se estende por uma infinidade de
aplicacdes de engenharia, refletindo sua adaptabilidade para capturar as variagdes dindmicas
inerentes aos sistemas do mundo real (ZHANG; WANG; WANG, 2023). Em areas como en-
genharia aeroespacial, sistemas automotivos, robética e controle de processos, os modelos
LPV tém sido ferramentas indispensaveis para enfrentar os desafios associados a variagdes de
parametros, incertezas e nao linearidades (DANIELSON; KLOEPPEL; PETERSEN, 2023).

Com relacao a estabilidade dos sistemas LPV, os pesquisadores tém explorado difer-
entes abordagens (ZHANG; HAN; GE, 2021; AGULHARI et al., 2013). E interessante notar
que uma abordagem comum para verificar a estabilidade dos sistemas LPV é baseada em de-
sigualdades matriciais lineares (LMIs); veja os livros (DUAN; YU, 2013; EFIMOV; RAISSI; ZOL-
GHADRI, 2013; GHAQOUI; NICULESCU, 1999) e os artigos (GEROMEL, 2023; LI; FU, 1997;
PANDEY; OLIVEIRA, 2018; ROSA; MORAIS; OLIVEIRA, 2018; WU, 2001) para obter mais de-
talhes. As LMIs oferecem uma abordagem sistematica e computacionalmente tratavel para re-
solver problemas de controle complexos, permitindo a formulacéo de condi¢des de estabilidade,
sintese de controladores e especificacoes de desempenho (BERTOLIN et al., 2018; SOUZA et
al., 2022). A adocao de LMIs facilitou avangos significativos no projeto e na andlise de sistemas
de controle LPV, oferecendo uma estrutura matematica rigorosa para abordar requisitos de es-
tabilidade, robustez e desempenho (GHAOUI; NICULESCU, 1999; ROTONDQO; NEJJARI; PUIG,
2014; VANANTWERP; BRAATZ, 2000).

A estabilidade em tempo finito (Finite-Time Stability (FTS)), um aspecto essencial da
andlise de sistemas, também chama a atengéo no contexto dos sistemas LPV (AMATO et al.,
2014; LI; YANG; SONG, 2019). A FTS surgiu como um conceito de estabilidade para sistemas
nao lineares (WEISS; INFANTE, 1967), e logo se tornou popular também para sistemas lineares
(AMATO et al., 2010; MA; WU; WANG, 2016).

Varios estudos recentes comegaram a investigar a estabilidade em tempo finito para
sistemas LPV, contribuindo para o cenario em evolugdo das metodologias de analise de estabil-
idade. Por exemplo, (AMATO et al., 2014) investigaram a FTS para sistemas lineares discretos e
variantes no tempo (DT-LTV). Seu trabalho estabeleceu um conjunto de condi¢des, baseadas na
resolucdo de desigualdades matriciais lineares a diferenca (DLMI) que, se satisfeitas, garantem
a FTS do sistema.

O trabalho (ZHOU, 2020) explora a aplicacdo da estabilizacdo em tempo finito de sis-
temas lineares usando uma estrutura de realimentagéo linear com variagdo de tempo limitada.
Por meio da teoria de estabilidade de Lyapunov, esse artigo demonstra que uma funcao de alto



11

ganho variante no tempo pode levar a tempos de convergéncia significativamente mais rapidos.
A eficiéncia dessa abordagem é validada por meio de simulagdes numéricas.

Em 2021, (CHAIB-DRAA et al., 2021) propuseram novas técnicas de estimativa de
tempo finito para sistemas LPV de tempo discreto. Eles se concentram na estabilidade com re-
alimentagdo de saida e apresentam dois métodos de estimativa: o uso dos estados do sistema
com atraso com base em um algoritmo de estimativa explicito e o uso de dois observadores
assintéticos combinados, ligados por uma condicéao de inversibilidade de uma determinada ma-
triz variante no tempo, para recuperar a solugao do sistema LPV em tempo finito. As simulacdes
verificaram a validade e a eficiéncia dos resultados obtidos.

(GUNASEKARAN et al., 2023) apresentaram em 2023 a teoria de FTS para um mod-
elo epidémico compartimental estocastico, definindo compartimentos suscetiveis-infectados-
recuperados e sinais de mudanca. Eles usaram um sistema LPV para examinar o comporta-
mento da infecgdo a longo prazo. Usando a teoria da estabilidade de Lyapunov, os autores
estabeleceram a resposta mais adequada para o controle eficaz da pandemia da COVID-19. Ha
muitos outros trabalhos sobre o topico da FTS (por exemplo, (BAI et al., 2024; LIU; YANG; LI,
2015; NIE et al., 2022; XU; ZHANG; Ql, 2023)).

Além das técnicas tradicionais de analise de estabilidade, as abordagens aleatérias sur-
giram como ferramentas promissoras para lidar com a dindmica e as incertezas de sistemas
complexos (CALAFIORE; FAGIANO, 2013; VARGAS et al., 2019). A aplicagao de algoritmos
randomizados a sistemas LPV oferece oportunidades para solu¢cdes de controle robustas e
dimensionaveis. Pesquisas recentes exploraram o potencial de abordagens aleatérias no con-
texto de modelagem e controle, destacando sua eficacia na atenuagéo dos efeitos de variagéo
de parametros e disturbios (VARGAS et al., 2019; YU; BIANCHI; PIRODDI, 2023).

1.1 Justificativa

Apesar do progresso feito na compreensao das propriedades de estabilidade e das es-
tratégias de controle dos sistemas LPV, algumas areas de pesquisa permanecem relativamente
inexploradas. Especialmente, a questao da FTS contrativa em T-passos para sistemas dinami-
cos LPV tem recebido pouca atencao na literatura. Note que a estabilidade contrativa em hor-
izonte infinito garante a convergéncia das trajetérias para um ponto de equilibrio, e representa
um aspecto essencial de sistemas dinamicos ( Veja, (SASTRY, 2013, chap. 1) e (KHALIL, 2002,
Sec. 2.1)). No entanto, nenhuma metodologia foi proposta para abordar a estabilidade contra-
tiva em T-passos para sistemas dindmicos LPV, ressaltando a necessidade de mais pesquisas
nessa area.
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1.2 Objetivo

O principal objetivo deste trabalho é caracterizar a estabilidade em tempo finito especifi-
camente aplicavel aos sistemas dindmicos LPV, ou seja, a estabilidade contrativa em T-passos.
Por meio de uma abordagem aleatéria, assegura-se que o sistema se contraia e dissipe energia,
em T-passos, com uma margem de probabilidade alta.

N&o se consegue resolver o problema de estabilidade robusta LPV com 100% de
certeza. Porém, a abordagem proposta consegue garantir uma probabilidade alta, por exem-
plo, superior a 99,9%. Em outras palavras, podemos garantir que o sistema contrai em T-passos
com 99,9% de chance.

Este trabalho contém uma aplicagdo para um amortecedor magneto-rheolégico (MR).
Este amortecedor foi acoplado a uma mesa vibrante, e dados experimentais foram colhidos (kit
composto de amortecedor MR acoplado a mesa vibrante).

O estimador de Mayne, um caso particular do filtro de Kalman, é usado para obter um
sistema linear variante no tempo. Usando os dados do experimento realizado, verificamos que
o método de identificagdo de Mayne apresentou um erro de identificagao inferior a 0,001%.

Por fim, um controle robusto do tipo proporcional e integrador (P+l), utilizando a abor-
dagem aleatdria é desenvolvido e aplicado ao dispositivo do amortecedor MR acoplado a mesa
vibrante, cujo objetivo é controlar a posigao da mesa.

1.2.1 Objetivos Especificos

+ (Experimental) Obter a base de dados por experimentos em malha aberta efetuados
em tempo real numa mesa vibrante conectada a um amortecedor MR,;

(Algoritmo) Aplicar o estimador de Mayne nos dados experimentais para a identificacao
do sistema LPV;

(Algoritmo) Desenvolver um método de clustering para reduzir a quantidade de ma-
trizes (parametros) obtidas no método de Mayne;

(Teoria) Estabelecer as condicbes de estabilidade contrativa em tempo finito de um
sistema LPV;

(Algoritmo) Implementar o método de abordagem randomizada;
* (Numérico) Achar os parametros de resolu¢do das LMIs com o controle desenvolvido;

 (Experimental) Implementar o controle no kit de laboratério.
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1.3 Organizacao do trabalho

Este documento € dividido em sete capitulos, que séo:

» Capitulo 1 — Apresenta a introducéao, € expoe a revisao da literatura sobre os sistemas
LPV e o conceito de estabilidade em tempo finito;

» Capitulo 2 — Expde a abordagem de estabilidade robusta em tempo finito dos sis-
temas lineares e variantes no tempo (Linear Time-Varying (LTV)). Este capitulo traz a
contribuicdo de uma abordagem de estabilidade contrativa em T-passos de sistemas
LTV;

» Capitulo 3 — Desenvolve um algoritmo aleatério para a resolu¢cdo do problema de
otimizacdo baseado na estabilidade contrativa do sistema e apresenta a analise da
factibilidade e sintese das LMIs;

» Capitulo 4 — Expde a identificagao dos sistemas lineares e variantes no tempo usando
o0 método de Mayne; Um algoritmo de clustering também é apresentado;

» Capitulo 5 — Apresenta os experimentos real-time em malha aberta: amortecedor MR
acoplado a uma mesa vibratoria; Neste capitulo é apresentado o equipamento do lab-
oratdrio e sua identificagao;

» Capitulo 6 — Apresenta os experimentos real-time em malha fechada. Neste capitulo
€ implementado o controle no kit de laboratério;

» Capitulo 7 — Traz as conclusdes finais, bem como as respectivas perspectivas para
futuros aprimoramentos do trabalho.

1.4 Notacoes

O simbolo R denota o conjunto de nimeros reais. O espaco linear normalizado de todas
as matrizes reais n x m € denotado por R™"™. A notagéo || - || denota a norma euclidiana padrédo
em R” ou a norma de Frobenius em R™"™. A cardinalidade de um conjunto .S é denotada por
card(S). O simbolo (') denota a operagdo de transposigéo. O raio espectral de uma matriz
U € R™™ ¢ denotado por o(U) (maior valor absoluto dos seus autovalores).
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2 PRELIMINARIES AND PROBLEM FORMULATION

2.1 Linear parameter-varying systems
Consider the following autonomous LPV system:
Ty = Alag)zg, w0 €R", VE >0, (1)

where z;, € R" denotes the system state, and the matrix A(«y) depends affinely on the time-

varying parameter oy, which takes values from the unit simplex
n
A:{aER":Zaizl,041-20,1':17...,77 , (2)
=1

where 1 > 0 represents the number of vertices. The affine condition on A(-) means that
U
Alog) =Y agidi, g €A, (3)
i=1

where Ay, ... A, are given matrices.
The goal of this chapter is to show conditions that characterize the finite-time stability of
the LPV system (1).

2.2 Robust finite-time stability

The next stability concept comes from a straightforward adaptation of the classical def-
inition of finite-time stability (e.g., (AMATO; ARIOLA; COSENTINO, 2010, Defn. 1), (AMATO;
ARIOLA, 2005, Defn. 1), (AMATO; ARIOLA; DORATO, 2001, Defn. 1)).

Definition 2.2.1. (Robust finite-time stability) Given positive scalars c¢; and ¢y, with ¢; < ¢y, we
say (1) is robustly finite-time stable with respect to (c,,co,T’) provided that

||| <1 = ||kl <oy k=1,2,...,T. (4)
Since (1) is a linear system that has a finite expansion in each step, we can find constants

¢, and ¢y that satisfy (4) whenever 1" > 0 is finite. As a result, (1) satisfies the condition in 2.2.1.
To see this, apply the norm on both sides of (1) to obtain

2| = [|A(os—1)z-1]| < sup [|A(a)|||lze-1]]-
acA
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Iterating the last expression yields

k
foul < (sup (@) il v,
ae

which results that ||z || is bounded from above by a finite constant whenever ||z || and & are finite
numbers. This argument shows that robust FTS does not prevent a system from expanding and
eventually diverging, thus reaching an unstable behavior in the long run; see (AMATO; ARIOLA,
2005, Rem. 1). For this reason, we decided to associate the LPV system with a stronger stability
concept: contractiveness in finite time.

This stability concept means the system contracts after a finite number of steps; namely,
the system diminishes its initial energy—at least once—when passing through the 7-th step, as
defined next.

Definition 2.2.2. The system (1) is contractive stable in T-steps if there exists a constant 0 <
¢ < 1 such that

lz][* < &lloll*. (5)

The following theorem states alternative conditions that characterizes the contractive sta-
bility of system (1)

Theorem 2.2.1. Given three positive constants cy, c1, and c,, suppose that there exist a function
P : A— R"™™ and a constant'T’ > 0 such thatVog, aq,...,ar € A

col, — P(ar) <0, Plag) —cil, <0, Z(ogyr,ar) <0, k=0,....7—1, (6)
where
Z(agyr, ag) = Alag) Plagir)Alar) — (1 — o) Plag). (7)
Then the system (1) is contractive stable in T-steps provided that

A1 —e) < 1.
Co

Proof Define the Lyapunov function V' (z;) as (e.g.,(DAAFOUZ; BERNUSSOU, 2001,
Thm. 1))
V(xg) = 2, P(og)zg, k=1,....T. (8)

Multiplying left- and right-hand sides of Z (1,0 ) by x}, and xy, respectively, we obtain

2y A(ag) Plagsr)Alag)zr — (1 — co)at, Plag)zr < 0, (9)
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which results in
V(l’/ﬁ_l) < (1 — Co)V(fEk)

lterating this inequality on £k = 0,...,7 — 1 yields
V(zy) < (1 —co)TV(xo). (10)

Because (6) mensures that Apax (P(ag)) < ¢ and Apin (P(ar)) > c2, we can use (10) to write

&

22 < (1 — co)T |zl (11)
&)

The contractive stability result then follows by setting &€ = ¢1(1 — )T /o in (11) with € < 1 (see

Definition 2.2.2).

Remark 2.2.1. The problem mentioned in equation (6) is numerically intractable. To overcome
this difficulty, we resort to a randomized approach, detailled in the following Chapter.
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3 RANDOMIZED APPROACH

3.1 Definition and algorithm

The randomized approach, also known as scenario approach (e.g., (CALAFIORE;
CAMPI, 2005; TEMPQO; CALAFIORE; DABBENE, 2013)), represents a method that con-
verts hard-to-solve deterministic problems into a sampling-based problem (e.g., (TEMPO;
CALAFIORE; DABBENE, 2013, Sec. 13.1.1, p. 193)). The randomized approach determines that
random samples, extracted from the polytopic set, are fed directly into an optimization problem
(e.g., (CALAFIORE; CAMPI, 2005; CAMPI; GARATTI, 2011; CAMPI; GARATTI, 2008; SCHILD-
BACH; FAGIANO; MORARI, 2013; TEMPO; CALAFIORE; DABBENE, 2013)). The optimization
problem then considers these random samples (i.e., scenarios) instead of the whole uncertain
set, allowing the computation of the solution from a finite number of elements.

In the setup of this work, the randomized approach applies as follows. We randomly draw
the elements «y, ...,ar from A, and check whether (6) is feasible. If the answer is positive,
we repeat this random experiment and check again whether (6) is feasible. While repeating
this experiment many times, we keep observing if the outcome for the random sample remains
feasible. In the end, if the outcome remains feasible for all trials, we can say that it is likely that
the result of Theorem 2.2.1 holds true for all values of ar, .. ., ar belonging to A. However, the
word “likely” is imprecise and needs further clarification, which is done in the next section.

3.2 Contractive stability as an optimization problem

In this section, we convert the inequalities (6) into an optimization problem. For this pur-
pose, we need some additional notation and definition. Let us define the 7-times cartesian prod-
uct of A, say,

Qr=Ax---xA.
- -
T-times

Suppose that the conditions of Theorem 2.2.1 are valid with P : A — R"*™ as a linear
function of «. In this case, there exist symmetric, positive definite matrices P, ... P, € R™*"
such that the affine parameter-dependent matrix

n
Ploy) = agP, ap €A, (12)
i=1
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satisfies the inequalities (6) for all &« = (v, ...,ar) € Qr. Because of that, we can choose a
sufficiently small constant p < 0 such that

(co—p)L, — Plar) <0, P(ag) — (a1 +p)n <0, Z(apir,on) — plp <0,
k=0,....77—1. (13)
Define the spectral raduis o(-) as the largest absolute value of the eigenvalues of one matrix.
The inequalities in (13) allow us to borrow an idea from (VARGAS et al., 2019, Sec. 2), and

recast (13) as an optimization problem. Namely, define the functional f : (—00,0) x Q7 — R™
as

f(,0,0é) = max{fl(p>a)vf2(pva)vf3(p7a)}’ Va € QT’ \V/p < 07 (14)

where

filp,a) =0 ((ca — p)I, — P(ar)),
fo(p,a) = o (P(awg) — (e1 + p) 1),

Jslpa) = max {0 (Z(ek,0n) = pl)}-

Then, consider the following optimization problem.
Minimize p < 0 subjectto f(p,a) <0, Vo € Q. (15)

The next result is an immediate consequence of Theorem 2.2.1.

Corollary 3.2.1. If the optimization problem (15) is feasible, then (1) is contractive stable in T’
steps.

Remark 3.2.1. Although Corollary 3.2.1 shows an elegant way to check the contractive stability
of the LPV system (1), such approach remains useless from a computational viewpoint because
it depends on infinitely many values of o € CQ)r. To circumvent this difficulty, we convert (15) into
a simpler-to-handle problem, i.e., the random sampling-based problem.

3.3 The sampling-based problem

The next set of assumptions and definitions are quite standard in the theory of the ran-
domized approach; see further details, for instance, in (CALAFIORE; CAMPI, 2005; CAMPI;
GARATTI, 2011; CAMPI; GARATTI, 2008; SCHILDBACH; FAGIANO; MORARI, 2013; TEMPO;
CALAFIORE; DABBENE, 2013; VARGAS et al., 2019).
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Assumption 3.3.1. ((VARGAS et al., 2019, Assump. 1)). The set Q)1 is endowed with some
o-algebra, and P denotes the corresponding probability measure.

Definition 3.3.1. (Probability of violation, e.g., (CAMPI; GARATTI, 2011, Defn. 2.2), (VARGAS
etal., 2019, Defn. 2.2)). Given some p < 0, the probability of violation is defined as

H(p) =P{a € Qr: f(p,a) > 0}.

Definition 3.3.2. (5-level solution, e.g., (CAMPI; GARATTI, 2008, p. 1212),(VARGAS et al.,
2019)). Given any 3 € (0,1), we say that p < 0 is a B-level solution if H(p) < .

As quoted by the authors of (VARGAS et al., 2019), Definitions 3.3.1 and 3.3.2 together
imply that we must accept the risk of finding some “bad” elements p < 0 and & € {2 such
that f(p,&) > 0, which violates (15). This is a well-known drawback when using the random-
ized approach (CALAFIORE; CAMPI, 2005; CAMPI; GARATTI, 2011; CAMPI; GARATTI, 2008;
SCHILDBACH; FAGIANO; MORARI, 2013; TEMPO; CALAFIORE; DABBENE, 2013). However,
a way to decrease the chance of observing such “bad” elements is to set 5 > 0 extremely small,
as quoted in (VARGAS et al., 2019, Rem. 4), yet smaller values of 3 imply in more samples to
be processed (e.g., (CALAFIORE; CAMPI, 2005; CAMPI; GARATTI, 2011; CAMPI; GARATTI,
2008; SCHILDBACH; FAGIANO; MORARI, 2013; TEMPO; CALAFIORE; DABBENE, 2013)),
thus resulting in a tradeoff between the accuracy of the solutions and numerical complexity.

The next definition is a straightforward adaptation of (VARGAS et al., 2019, Defn. 2.4).

Definition 3.3.3. (Randomized algorithm). Assume that the elements o\ € Qp, £ =0,....,S,
are taken independent and identically distributed according to a given probability measure P.

Solve the convex optimization problem:
Minimize p < 0 subject to f(p,a?) <0, £=0,...,S. (16)

Proposition 3.3.1. (VARGAS et al., 2019, Prop. 2.5) Consider a feasible solution of the random
convex problem in (16) and denote it by p. Then

PS{H(p3) > 8} < (1 - B)°, (17)

whereP° =P x --- x P, and S denotes the number of sampling elements.

Remark 3.3.1. The number of sampling elements S plays a crucial role in randomized algo-
rithms (CALAFIORE; CAMPI, 2005, Thm. 1): the larger the number S, the greater the probability
of observing H(p%) < [3, which ensures that p > 0 is an [(-level solution (VARGAS et al.,
2019, Rem. 5). A drawback, though, is that increasing S also increases the computational com-
plexity of solving the convex problem (16) (e.g., (TEMPQO; CALAFIORE; DABBENE, 2004, Chap.
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13.1.1)). Getting samples and solving this problem becomes a overdemanding process when S
is too large. The randomized approach then presents a trade-off between complexity and com-
putational burden, a challenge to users who wish 5 > 0 excessively small.

In Chapter 6, we illustrate the usefulness of the randomized approach through a real-time
application.



21

4 IDENTIFICATION OF TIME-VARYING LINEAR SYSTEMS
This chapter presents a method to identify the stochastic LTV system
Tpy1 = Artr + Brug + v, k>0, z9 € R, (18)

where x;, € R" represents the system state, u;, € R™ denotes the input, and {v;} on R"
denotes a zero-mean Gaussian process with known covariance matrix R, = E[vv;] for all
k > 0. We assume that (i) the pair of matrices (Ax,Bx) on (R™™ R™ ™) is unknown, and
(i) the values of both x, and u; are measured perfectly without measurement errors. Under
these assumptions, the identification problem consists of finding matrices (A, Bx) that best fit
the dynamics (18).

To compute (Ag,Byx), we employ Mayne’s method (MAYNE, 1963), which essentially is
a particular case of the Kalman filter (DANIEL, 1976, Sec. 12.4, pg. 208). As suggested by the
method (FREEMAN; HASSAN; MORTON., 1986; MAYNE, 1963), define the system output as

Yk = Tpy1, Yk =>0. (19)

As a result,
Y = Apxy + Brug +v, Vk>0. (20)

The terms of the above equation can be recast as (e.g., (FREEMAN; HASSAN; MORTON., 1986;
MAYNE, 1963))

Ye = Pibk + V. (21)

To illustrate how to represent (18) as (21), consider the system (18) with dimension two, i.e.,

11,k A12k bl,k

)
a1k 22k ba e

For this particular case, we can write

, xl,k 56ka O O uLk 0 !
Pr = , = Q11 Qi2k A21k QA22k bl,k bQ,k
0 0 L1k T2k 0 Uk

Note that (18) and (21) are equivalent. In the notation (21), ¢ contains the measurement data
and 6, consists of the parameters to be estimated.
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Now, we can apply Mayne’s method to identify 6, k& > 0, according to the literature
(FREEMAN; HASSAN; MORTON., 1986; MAYNE, 1963). Consider

O = Op—1 +wi—1, Vk >0, (22)

where {wy} stands for a Gaussian process with covariance matrices satisfying Q. = E[wjw)]
and E[wgv,] = 0, forall £ > 0.

Remark 4.0.1. Mayne’s estimator was initially designed with w, = 0 and ), = 0, since it
was designed to deal with time-invariant matrices, i.e., A, = A and B, = 0; see (MAYNE,
1963). Considering {wy.} in (22) allows us to adapt Mayne’s estimator to the identification of the
time-varying linear system (18).

Let 9k be the optimal estimator for the system in (22). It follows that @k can be computed
through the observed information y, from (21), i.e.,

Ok = 011 + Grex, (23)
where ¢, = Y — ¢;€ék_1, and

Gr = Li—101( Li—1o + Ri) ™",

Ly = L1 — Groy Li—1 + Q. (24)

Note that the recurrence (22)—(24) constitute Mayne’s estimator (FREEMAN; HASSAN;
MORTON., 1986; MAYNE, 1963), which coincides with the Kalman filter equations (DANIEL,
1976, Sec. 12.4, pg. 208).

4.1 Clustering matrices

The identification algorithm (22)—(24) allows us to obtain the pair (A, By), k =0, ... N,
whenever the corresponding data (z,ux), k = 0,...,N, is available. However, when N is suffi-
ciently large, we start facing a computational problem: how to effectively process the large num-
ber of matrices (A, By). To help alleviate this computational problem, we apply the clustering
method to the matrices (A, By ), as detailed next.

The clustering method chooses certain matrices to become the cluster points. All the
remaining matrices, which are close enough to a cluster point, will be discarded. For example,
set ¢ > 0 as the clustering radius, and consider M, = [Ay Bgl, & = 0,....9, as depicted
in Figure 1. Note that M, centers a ball of radius of ¢ that encompasses M, and Mg; conse-
quently, M, is a cluster point. Similarly, M; and M are cluster points, representing balls that
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Figure 1 — lllustration of cluster points.

encompasse (Ms,My,Ms,My) and Mg, respectively. In summary, M, My, and M; are cluster
points representing all points My, . .., My within a range distance of at least ¢.
Next, we formalize the clustering algorithm.

e Step 1: Given ¢ > 0 and My, = [Ax Bi], K = 0,... N, choose any index ky and set
the corresponding matrix My, to be the first cluster point, that is, M = {My,}. The
algorithm generates the cluster set M = {M, ... . M,,} with m < N, as follows. Set
k = 0 and go to the next step.

e Step 2: Enumerate the cluster set as M= {]\7[0, . ,Mm}, and compute

d:

HMk — M,

in
1=0,...,m

where m = card(M) — 1. If d > ¢, then set M = M U {M,}. Set k = k + 1 and go
to the next step.

e Step 3:If k = N + 1, then stop the algorithm; otherwise, return to Step 2.

Remark 4.1.1. The clustering algorithm ensures two properties: (i) given any matrix My, we can
choose a cluster point M;, € M such that ||My, — M,,|| < e; and (ii) all cluster points are far
from each other by a distance of at least ¢.

4.2 Error analysis: the cluster-based representation for the system parameters

According to the clustering algorithm, for each M), = [Ay Bi], k = 0,...,N, there exist
corresponding cluster points Mio, o ,MZ-N on M such that (see Remark 4.1.1)

My, — M, || <e, k=0,...,N. (25)
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Defining [Ak Bk] = ]\~/[ik, k=0,...,N, we can recast the system (18) as

Tpi1 = Apay + Brug + e + v, (26)

where e, == (A — Ak)xk + (B — Bk)uk. The term e, accounts for the error the clustering
method induces.

Remark 4.2.1. The experimental data, to be presented in Section 5.3, suggest that {e;.} tends
to follow a Gaussian distribution.

Remark 4.2.2. Note that the identification method of Chapter 4 generates the pairs (Ay,By)
fork = 0,...,N. When applying this identification method in practice, we almost always obtain
time-varying matrices with values different from each other, that is, (A;,B;) # (A;,B;) for all
i # j. However, the clustering method ensures that (A;, B;) = (A;, B,), for some elements i
and j, because the cardinality of the set M tends to be much less than N. As the experimental
application of Chapter 5 illustrates, the cluster points M become the vertices of the polytope
representing the LPV system.
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5 MAGNETORHEOLOGICAL DAMPER ATTACHED TO A SHAKING TABLE: OPEN-LOOP
IDENTIFICATION

MR dampers are innovative damping devices that dynamically adjust their stiffness in
response to an external magnetic field, providing an adaptable and responsive solution for at-
tenuating vibrations and shocks in a variety of applications (DANIEL et al., 2018; MASA’ID et al.,
2023; YUAN et al., 2019). MR dampers stand out as intelligent devices, offering considerable
potential for the semi-active control of structures (HA; ROYEL; BALAGUER, 2018; KHALID et
al., 2014). When attached to shaking tables, in particular, they can emulate relevant processes,
such as earthquakes or vibrations in vehicles (MASA’ID et al., 2023; SAHIN et al., 2021; VAR-
GAS et al., 2022). In this section, we present data extracted from an MR damper attached to a
shaking table. This equipment, from now on, is called simply as “MR shaking table.”

This section aims to identify a model for the MR shaking table. Given the highly non-
linear characteristics of MR dampers (CHEN; NIE; YU, 2022; DOMINGUEZ; SEDAGHATI; STI-
HARU, 2008; PENG; YANG; LI, 2018; ZHANG et al., 2023), the task of modeling such dynam-
ics poses significant challenges. For example, even the modern hysteresis-based Bouc-Wen
models exhibit up to 20% of identification error (CHAE; RICLES; SAUSE, 2013; DOMINGUEZ;
SEDAGHATI; STIHARU, 2006; LI; WANG, 2011; VARGAS et al., 2022). Given the complexity of
modeling MR dampers, characterized by their nonlinear behavior, we foresee the LPV framework
as an interesting tool for representing MR dampers, motivated by the fact that an LPV system can
encompasse complex dynamics using relatively simple representation. Representing nonlinear
systems in the LPV framework is supported by studies such as (ABBAS et al., 2021; ARMANINI;
KARASEK; VISSER, 2018; CASAVOLA; FAMULARO; FRANZE, 2003; EFIMOV; RAISSI; ZOL-
GHADRI, 2013), which highlight the advantages of LPV modeling, its accuracy, and enhanced
computational efficiency. Next, we show experimental data that support this idea.

5.1 Laboratory setup

Experiments were carried out in a laboratory setup containing an MR damper attached
to a shaking table (VARGAS et al., 2022). The MR damper was physically connected to the left
side of the table; the right side was connected to a linear actuator; see Figures 2 and 3.

The pieces and parts used in the experiments are as follows. The table was made with a
steel plate base measuring 980mm long, 300mm wide, and 25.4mm thick; an MR fluid damper
model RD-8041-1, manufactured by Lord Corporation (Cary, NC, USA); a data acquisition card
manufactured by National Instruments (NI) (Austin, TX, USA), model NI PCI-6221; an actuator
in the form of a Glideforce model LACTT12P-12V-20 Light-Duty, linear ball screw actuator (Las
Vegas, NV, USA). The actuator has a maximum displacement of 457mm, a maximum current
load of 13.2A; a sliding platform is 303mm long, 300mm wide and 15.87mm thick; two linear
rails to support the sliding platform; a KA-300 linear encoder, manufactured by Sino (Suzhou,
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Figure 2 — Shaking table apparatus. Attached to the table are a magnetorheological damper (left)
and a linear actuator (right).

Figure 3 — Pictural representation of the shaking table apparatus (VARGAS et al., 2022).

Jiangsu, China), with a scale precision of 5 yym and a measuring range of 370mm. A high-power
H-Bridge model IBT-4 (50A) Pulse Width Modulation (PWM) motor drive received a PWM signal
from the NI acquisition board. A car’s battery of 12V supplied the circuit. The shaking table
operates as a single-axis device, comprising a base and a sliding table. An actuator controls the
sliding table’s movement along its central axis, while an MR damper and load cell measure forces
exerted during motion. The top platform of the shaking table, linked to the actuator, experiences
controlled left-to-right and right-to-left motions. A linear encoder tracks platform displacement,
providing precise position measurements.

5.2 Identification of the MR shaking table

Let us consider the system (20), i.e.,

Tht1 — Apzy + Brug + Vg, k>0, z€ Rn, (27)

where z; denotes the states vector, u; is the control input, and v, is a Gaussian error.
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Figure 4 — Data for MR shaking table. Pictures show real-time data and their estimated counterpart
for position x; (cm) and velocity 2 (cm per second).

A series of experiments were performed on the MR shaking table to find matrices Ay, B,
that best represent its dynamical behavior (see Chapter 4). The experimental procedure is de-
scribed as follows. Fifty different open-loop experiments were performed using different sources
of excitation, including sine, chirp, square, sawtooth, and random signals, with different ampli-
tudes (cm) and frequencies (Hz).

Data for position (cm) and velocity (cm per second) were recorded and stored, represent-
ing 1, and xy, respectively. This data was used in the identification algorithm described by
equations (22)—(24).

Figure 4 shows four samples for the position x x, the velocity x5 ;, and the co

ntrol input u; of the MR shaking table. As can be seen, the curves show the system
response for (a) a chirp excitation with an initial frequency of 0.5Hz and a final frequency of 1Hz;
(b) a sawtooth with a fixed frequency of 1Hz; (c) sine wave with a fixed frequency of 0.5Hz; and
(d) square wave with a fixed frequency of 0.8Hz. Here, the input u; controls the system with
a saturation of 6V. In red is the real-time data, and in black is the estimated data performed
using Mayne’s filter described in Chapter 4. This process is validated by computing the Root
Mean Square Error (RMSE) between the actual data and the estimated data. This RMSE in the
identification is negligible, i.e., less than 0.001%.
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As can be seen in Figure 4, the position tended to decrease as time evolved. This can be
attributed to the properties of the magnetorheological fluid inside the damper. Namely, the force
applied in one direction produces a displacement; the same force applied in the opposite direc-
tion produces a completely different displacement, an effect caused by hysteresis (SNYDER,;
KAMATH; WERELEY, 2001; WEI; WANG; OU, 2021; TSOUROUKDISSIAN et al., 2009).

5.3 Experimental error introduced by clustering

Since fifty different open-loop experiments were performed, and each experiment con-
tains 4,000 points, we end up with about 200,000 pairs of matrices (A, By ). To reduce this large
number of matrices, as checking the system stability, we employ the algorithm in Steps 7-3 with
e = 0.1 (Section 4.1).

It resulted in a cluster set M = {M,, ... ,M,,} with m = 655 (see Remark 6.3.2). This
means that we reduced the number of matrices under analysis from 200,000 to 655.

Accordingly, the cluster set corresponds to the pair of matrices (Ak,Bk) such that the
system (27) equals (see Section 4.2)

Tl = Akxk + Bkuk + e+ v, VEk>0, (28)

where the error
Cr — (Ak — Ak)xk + (Bk - Bk)uk, vk 2 O, (29)

was computed and stored (Remark 6.3.2), see a summary in Figure 5. As can be observed
in the histogram of Figure 5, the error e, seems to approximate a Gaussian distribution. If we
assume that position and velocity are Gaussian variables, then they have mean iy = —0.072
and p, = 107% and standard deviation ¥; = 0.047 and ¥, = 6.3 x 1074, respectively. The
next chapter dives deeper into this assumption.



29

10 700 1
600 r
e 8r \ Gaussiandistribution =
s © 500
g g
2 6r 2 400 i
e °
2, N 3001
© ©
1S €
] S 200
Z 2| z Gaussiandistribution
100 -
A
0 ) 0 (Y ,
-0.3 -0.2 -0.1 0 0.1 0.2 -0.04 -0.02 0 0.02 0.04
Position error Velocity error
(a) (b)

Figure 5 — Error introduced by the clustering method (see (29)): histogram (green) and Gaussian
curve fit (blue).



30

6 REAL-TIME CLOSED-LOOP EXPERIMENTS

This chapter illustrates the importance of the randomized approach in a real-time ap-
plication. The randomized approach was applied in a closed-loop control experiment involving
a magnetorheological damper attached to a shaking table (MR shaking table). The controller
is designed to assure the contractive stability of the closed loop dynamics. Experimental data
support the usefulness of the randomized approach defined in Chapter 3, as described next.

6.1 Linear parameter-varying system representing the MR shaking table
Let (Ai,Bi), 1 = 0,...,m, be the cluster points obtained in Section 5.3. We can use
these cluster points to define the affine matrices
n B n B
A(Oék) = Z @k,iAi, B(Oék) = Z Oé]m'Bi, VOék € A. (30)
=1 =1

The next assumption is key to the experiments performed in the MR shaking table.

Assumption 6.1.1. The linear parameter-varying system
Tpe1 = Alag)zr + Blag)ug +wg, 29 € R", VE >0, (31)
represents the dynamics of the MR shaking table, where {wy} is an i.i.d. Gaussian process with

mean and covariance satisfying the relation w, = ey + vi, (see Section 5.3).

Remark 6.1.1. MR dampers are nonlinear and complex devices—they have dynamics that are
hard to identify. In Chapter 5, we used a deterministic time-varying linear system that was able
to characterize certain features of the MR shaking table. As explained in Chapter 5, this system
generated an errorwy, k > 0, that resembles a Gaussian variable. This motivated us to consider
{wy} as an i.i.d. Gaussian process.

6.2 Closed-loop strategy

To implement the closed-loop strategy for the LPV system (31), we deploy the linear
state-feedback control associated with an integrator, as depicted in Figure 6 (see (OSTERTAG,
2011, Sec. 1.8.2.3). The control input is given by:

U = [Kl KQ]xk + K3q1€7 vk Z Oa (32)

where K = [K; K, K3] € R® represents a control gain to be chosen later.
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Figure 6 — Control of the MR shaking table.

As can be seen in Fig. 6, the following difference equation defines the discrete integrator
q € R:
Qer1 = Qe + 78— T1g, k>0, (33)

where ;. (cm) represents the reference input signal for the position of the MR shaking table.
Substituting (32) and (33) into (31) gives

N w
= Aoy, K) ", aweA, VE>0, z5€R” (34)
Qk+1 gk Tk

where the closed-loop system matrix is defined as

6.2.1 Stability analysis

Note that the system state {x;} from (34) is a stochastic process because it depends on
the Gaussian process {wy }. Studying stochastic stability is out of the scope of this work—this
topic will be considered in future work. This work focuses only on the deterministic version of
(34); namely, we consider (34) with r, = 0 and w, = 0, which equals

Tpy1 = A(Oék, K)l’k, ar €A, VkE>0, z5eR". (36)
The goal here is to ensure that (36) is contractive stable in T-steps (Definition 2.2.2). Be-

cause this task is computationally impossible to solve (Remark 2.2.1), we employ the randomized
approach (Chapter 3).
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Even with the help of the randomized approach, we have to acknowledge that the stability
of (36) depends on which gain K is chosen in the closed-loop matrix A(ak, K). We advance
this discussion in the next section.

6.3 Results and discussion

This section illustrates the usefulness of the randomized approach for checking that (36)
is contractive stable in T-steps with a certain probability margin. The procedure for the random-
ized experiment is describe as follows.

We used a trial-and-error process to choose certain parameters that were important to
the randomization test: we used trial-and-error to find the control gain X' = [0.5 0.1 60] and
the constants ¢g = 107%, ¢; = 0.998, ¢, = 0.999, and T = 8 (see Theorem 2.2.1). We
considered the randomized algorithm of Definition 3.3.3 with S equal to 250,000 samples, and
the corresponding optimization problem in (16) was feasible (with p% less than 10?), within a
time simulation of 109 hours 19 minutes and 12 seconds. This feasibility of (16) has the following
implications.

Suppose we accept the risk of finding some “bad” elements & € (2 that could potentially
deny the property of contractive stability. Suppose, in addition, that this risk is minimal, say,
B =9 x 1075 It follows from Proposition 3.3.1 that

PS{H(p%) > B} < (1 — B)% = 1.690 x 10717 (37)

This negligible number in (37) ensures that our previous assumption about “bad” elements is
correct. Namely, these numbers mean that the probability that (36) is contractive stable in T-
steps is at least 99.995%.

Remark 6.3.1. The numerical experiments were performed using a computer with the following
configurations: an Intel Core i7 14700 Central Processing Unit (CPU), 16GB of RAM, and Ubuntu
24.04 64-bits operating system. The software setup includes MATLAB® version 2023a, the LMI
solver MOSEK ApS (2019) version 10.0.26, and the LMI parser YALMIP (LOFBERG, 2004).

6.3.1 Experimental data

Figure 7 shows the experimental representation of the closed-loop control implemented
on the MR shaking table kit using the gain /. We can observe that the curve representing the
table’s position (black) follows the reference signal ;. (red). Furthermore, as the Definition 2.2.2
on contractive stability indicates, we can see that the system tends to zero when r, = 0, thus
confirming the contraction property.
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Figure 7 — Real-time closed-loop experiment.

Remark 6.3.2. All the Data, source codes, and files used in this manuscript are freely available
on GitHub to download at www.github.com/labcontrol-data/randomized LPV _shakingTable.
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7 CONCLUSAO GERAL E PERSPECTIVAS

Este trabalho caracterizou a estabilidade em tempo finito (FTS) de sistemas lineares
com parametros variantes no tempo (LPV). O principal conceito de estabilidade é chamado de
estabilidade contrativa de T-passos, que exige que o sistema seja contrativo em um tempo finito
T > 0.

Sabe-se que verificar a estabilidade dos sistemas LPV é um problema dificil, pois requer
a solucdo de um problema de otimizagdo com complexidade computacional proibitiva para os
computadores atuais. No entanto, foi demonstrado que uma abordagem aleatéria pode superar
esta dificuldade. A abordagem aleatéria requer a factibilidade do problema de otimizacao, dentro
de uma margem de probabilidade. Se o problema de otimizagao for factivel para um nimero
elevado de amostras, entdo pode-se garantir a estabilidade contrativa em T-passos do sistema
com garantia de certa margem de probabilidade.

Do ponto de vista experimental, um amortecedor MR foi acoplado a uma mesa vibrante
para ilustrar a abordagem aleatéria. Esse kit experimental gerou dados que foram usandos
no estimador de Mayne. O objetivo foi obter um sistema linear variante no tempo, para pos-
teriormente converter esse sistema em um sistema LPV. A aplicacdo de um controle de tipo
proporcional e integrador (P+1) no sistema permitiu de avaliar experimentalmente a estabilidade
robusta contrativa em tempo finito com certa margem de probabilidade.

7.1 Perspectivas

Como perspectivas de trabalho futuro, planeja-se:

« Escrever um artigo para publicacdo numa revista cientifica, contribuindo assim para o
avango da pesquisa na area de estabilidade de sistemas LPV sob abordagem aleatoria;

 Estudar como técnicas LMIs podem ser incorporadas no controle robusto de sistemas
LPV sob abordagem aleatéria;

« Estudar se o raio espectral o(A(ar) ... A(ag)) < 1 é um tépico de interesse na abor-
dagem aleatéria, pois os autovalores de uma matriz sao calculados mais rapidamente
do que resolver LMls.
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